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We study the quench dynamics on cross-stitch flat band networks by a sudden change of the inter-cell hopping
strength J. For quench processes with J changing as J = 0 → J , 0, we give the analytical expression to the
Loschmidt echo which possesses a series of zero points at critical times t∗, indicating where the dynamical
quantum phase transitions occur. We further study the converse quench process with J , 0 → J = 0, and find
a non-trivial example that the pre-quench quantum state is not an eigenstate of the post-quench Hamiltonian,
whereas the Loschmidt echo L(t) ≡ 1 during this process. For both situations, these results are also illustrated
numerically. Finally, we give a brief discussion on the possible experimental observation of these predictions in
the system of ultracold atoms in optical lattices.
PACS numbers: 03.65.Ge, 03.65.Vf, 03.75.Kk, 05.70.Ln, 71.10.Fd
I. INTRODUCTION
Phase transition, the transformation from one (equilibrium)
physical state to another, is a central research topic in con-
densed matter physics. The dynamical quantum phase transi-
tion (DQPT)1–3, a generalization of this fundamental concept
to the nonequilibrium quantum evolution, has been studied in-
tensively in recent years4–9. It has been confirmed that DQPTs
are directly connected to the underlying equilibrium phase
transitions of the systems in broken-symmetry phases10–14.
For noninteracting topological systems15–20, it has been ver-
ified on general grounds that two topologically different equi-
librium ground states necessarily impose the existence of
DQPTs. Inspired by the underlying phase transitions in these
equilibrium systems, DQPTs have also been connected to the
inhomogeneous systems, including the Andersonmodel21 and
the incommensurate Aubry-Andre´ model22. Recently, DQPTs
have been experimentally observed in two types of quantum
simulating platforms, the trapped-ion system in which the dy-
namics of transverse-field Ising models23 is synthesized, and
the ultracold-atom system in which the dynamical topological
quantum phase transitions are observed24.
Generically, it is argued that the occurrence of DQPTs re-
quires that the quench process is ramped through a quantum
critical point. For quenches not belonging to these classes,
the so called “accidental” DQPTs can still occur, requiring a
fine-tuning of the Hamiltonian. In this paper we propose a
quench scheme on flat band networks in which DQPTs can
occur without ramping through a quantum critical point.
Flat band networks25–30 are translationally invariant tight-
binding lattices which support at least one dispersionless band
in the energy spectrum. This system has usually been consid-
ered as an ideal playground to explore the strong correlation
phenomena31,32 due to the complete quenching of the kinetic
energy. For example, a nearly flat band with non-trivial topo-
logical properties was proposed to simulate fractional Chern
insulators33. For single-particle systems, Ref.34 argued that
there exist three criteria to determine the topological proper-
ties of flat bands in two-dimensional lattices, exactly flat band,
non-zero Chern number, and local hopping. The authors have
demonstrated that only two criteria can be simultaneously sat-
isfied. The fact that all three criteria can not be satisfied simul-
taneously indicates that the topology of the strictly flat band
of real materials (short-ranged hopping) is trivial. Thus, the
theory of DQPTs in topological band systems can not be ap-
plied to flat band systems. However, inspired by the theory of
DQPTs in inhomogeneous systems21,22, we notice a remark-
able feature of the flat band, the so-called compact localized
states (CLSs)35–41, which are strictly localized eigenstates in
real space. The CLSs can be considered as a Wannier function
of which the amplitude is finite only in very limited regions,
and vanishes identically outside. Contrast to the Anderson
localization in which the exponentially localized states are in-
duced by disorders, the CLSs typically occur in perfectly pe-
riodic systems, originated from the destructive interference by
the hopping processes of specific lattices.
Among a wide variety of flat band networks, the classifica-
tion of flat bands is useful for choosing the appropriate model
to realize DQPTs. A first attempt to classify flat bands by the
properties of CLSs was discussed in Ref.25. The authors clas-
sify the CLSs by the number U of unit cells occupied by a
CLS. And a very recent work42 developed another classifica-
tion scheme of flat band systems from the perspective of the
Bloch wave function’s singularity. For the U = 1 class, the
CLSs form a set of orthogonal and complete bases25, indicat-
ing that a single CLS is disentangled from the rest of unit cells,
such as the cross-stitch network. However, for generic U > 1
classes, the CLSs are not orthogonal to each other anymore
in one dimension, such as the sawtooth network43, and do not
form a complete set of bases spanning the whole network in
two dimension, such as the Lieb lattice44, where compact lo-
calized lines must be added to form a complete set. The or-
thogonality and completeness of CLSs are crucial for proving
the existence of zeros of Loschmidt echo in our quench pro-
tocol, which is the main motivation for choosing cross-stitch
networks.
The rest of the paper is organized as follows. In Sec. II, we
introduce the model and study the quench dynamics with the
inter-cell hopping strength J changing as J = 0 → J , 0.
We give the analytical expressions of the Loschmidt echo and
demonstrate that there are a series of zeros of Loschmidt echo,
which indicates the DQPTs indeed occur. In Sec. III, we study
the inverse quench dynamics with J changing as J , 0→ J =
2FIG. 1. (Color online) (a) The cross-stitch geometry with the inter-
cell hopping strength J , 0 and the intra-cell hopping strength V in
the unit cell. The red and blue filled circles denote an antisymmetri-
cal CLS | fm〉 = (−1, 1)Tδn,m/
√
2 localized at two sites (A, B). (b) The
isolated two-site geometry with the inter-cell hopping strength J = 0
and the intra-cell hopping strength V . The red filled circles denote an
symmetrical CLS |φ−〉 = (1, 1)Tδn,m/
√
2.
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FIG. 2. (Color online) (a) Single-particle dispersion with the corre-
sponding eigenstates | fm〉 and |k〉 on the cross-stitch lattice (J = 1) as
a function of quasimomentum k. (b) Single-particle dispersion with
the corresponding eigenstates |φ+〉 and |φ−〉 on the isolated two-site
lattice (J = 0) as a function of the quasimomentum k. Here we apply
the periodic boundary condition and choose V = 4. The total number
of unit cells is set to be L = 1000.
0. We find that there exists a non-trivial example that the pre-
quench quantum state is not an eigenstate of the post-quench
Hamiltonian, whereas the value of Loschmidt echo is always 1
as time varies. We conclude and discuss possible experimental
realizations in Sec. IV.
II. MODEL AND DQPTS
As defined in the seminal paper11, a key quantity within the
theory of DQPTs is the Loschmidt amplitude
G(t) = 〈Ψi|Ψi(t)〉 = 〈Ψi|e−iHˆ f t|Ψi〉, (1)
where |Ψi〉 denotes the pre-quench quantum state and Hˆ f the
post-quench Hamiltonian. The Loschmidt echo L(t) is de-
fined as the squared modulus of the Loschmidt amplitude
L(t) = |G(t)|2. Analogous to the equilibrium phase transition
theory, the Loschmidt amplitude can be viewed as a boundary
partition function along the complex temperature. And the
initial state |Ψi〉 plays the role of a boundary condition in time
instead of space. Thus, a dynamical free energy density can
be defined as
f (t) = − lim
L→∞
1
L
lnL(t), (2)
where L is the overall degrees of freedom of the system. Sim-
ilar to the emergence of Fisher zeros in the equilibrium phase
transition, DQPTs can occur at some critical times t∗, where
L(t) vanishes, and the corresponding dynamical free energy
f (t) exhibits divergent behavior in the thermodynamic limit.
To illustrate our quantum quench protocol, cross-stitch net-
works consisted of two interconnected chains are plotted in
Fig. 1(a), the unit cell of which is given by two lattice sites
(A, B), and the wave function at the n-th unit cell is denoted
by Ψn. The stationary Schro¨dinger equation HˆΨn = EΨn is
expressed as25
ǫˆnΨn − VˆΨn − Tˆ (Ψn−1 + Ψn+1) = EΨn , (3)
with
ǫˆn =
(
ǫan 0
0 ǫbn
)
, Vˆ =
(
0 V
V 0
)
, Tˆ =
(
J J
J J
)
. (4)
where J is the inter-cell hopping strength and V is the intra-
cell hopping strength. In the absence of the potential, ǫan =
ǫbn = 0, there is exactly one flat band EFB = V , associated
with an antisymmetrical CLS | fm〉 = (−1, 1)Tδn,m/
√
2, and
one dispersive band E(k) = −4J cos(k) − V , associated with
a Bloch wave function |k〉 = eiknuk(n) with uk(n) being the
periodic envelope function, as shown in Fig. 2(a). Here we
choose J = 1 and V = 4.
To ensure the occurrence of DQPTs we conceive that a
symmetrical CLS need to be constructed such that the anti-
symmetrical CLSs can be exactly eliminated by destructive
overlapping. We find that when J = 0 the original cross-stitch
lattice can be transformed into an isolated two-site lattice, as
shown in Fig. 1(b). The bulk momentum-space Hamiltonian
in Eq.(3) becomes Hˆ(k) = Vˆ , independent of the quasimomen-
tum k. As shown in Fig. 2(b) (J = 0 and V = 4), we obtain
two flat bands E± = ±V with the corresponding eigenstates
|φ±〉 = (∓1, 1)Tδn,m/
√
2 being antisymmetrical/symmetrical
CLSs respectively.
We first consider the quench process with J changing as
J = 0 → J , 0, a single particle is initially prepared in the
ground state |Ψg〉 of Hˆ(J = 0). Without loss of generality,
the pre-quench quantum state |Ψg〉 = |φ−〉 = (1, 1)Tδn,m/
√
2 is
localized at the m-th unit cell. Performing a sudden quench,
the Loschmidt amplitude can be written as
G(t) = 〈Ψg|e−iHˆ(J,0)t |Ψg〉
=
∑
m′
e−iVt|〈 fm′ |Ψg〉|2 +
∑
k
ei(4J cos(k)+V)t |〈k|Ψg〉|2. (5)
3Due to the fact that the CLS | fm′=m〉 is antisymmetrical while
|Ψg〉 is symmetrical, we have the relation 〈 fm′=m|Ψg〉 = 0.
For the CLS | fm′,m〉, recalling the existence of a complete or-
thogonal set of the CLSs on the cross-stitch lattice, then we
have | fm′,m〉 are orthogonal to |Ψg〉, i.e., 〈 fm′,m|Ψg〉 = 0. So
the first term on the right-hand-side of Eq.(5) vanishes, i.e.,∑
m′ e
−iVt|〈 fm′ |Ψg〉|2 = 0.
In general the periodicity of uk(n) varies with the different
quasimomentum k. So, only |〈k|Ψg〉|2 with minimum k can be
approximated as 1
L
, while others can not. However, according
to the fact |〈k|Ψg〉|2 =
∑
k |〈k|Ψg〉|2
L
= 1
L
, we approximately obtain
G(t) ≈
∑
k
ei(4J cos(k)+V)t |〈k|Ψg〉|2 = 1
L
∑
k
ei(4J cos(k)+V)t. (6)
In the large L limit, since the quasimomentum k continuously
distributes within (0, 2π), we can replace the summation by
integration
G(t) = 1
2π
∫ 2π
0
ei(4J cos(k)+V)tdk = eiVt J0(4Jt), (7)
where J0(4Jt) is the zero-order Bessel function. It is known
that J0(x) has a series of zeros xi with i = 1, 2, 3, · · · , which
indicates that the Loschmit echo becomes zero at times
t∗i =
xi
4J
. (8)
To strengthen the validity of our analytical results, we nu-
merically study the Loschmidt echo and the dynamical free
energy. The initial state is set to be the ground state of
Hˆ(J = 0), and then a finite J is switched on at t = 0. Accord-
ing to the theory of DQPTs, the occurrence of a series of zeros
in the Loschmidt echo can be recognized as the signatures of
DQPTs, and we focus our attention on it first. Without loss of
generality, we choose a symmetrical CLS |φ−〉 and calculate
L(t) with different J’s. As shown in Figs. 3(a) and (b), the
Loschmidt echo does become zero at some critical times of
which the values agree very well with the analytic prediction
Eq.(8). This demonstrates that Eq.(6) is a good approxima-
tion.
To show the zeros of L(t) more reliably, we also calculate
the dynamical free energy f (t), which diverges at the dynami-
cal critical time. As shown in Figs. 3(c) and (d), the numerical
and analytical results are in good agreement with each other,
f (t) does exhibit obvious peaks at t = t∗
i
. We also implement
calculations for various J’s and obtain similar results as ex-
pected.
Here we emphasize that (anti)symmetric properties of the
CLSs and the existence of a complete orthogonal set of the
CLSs are both crucial to ensure
∑
m′ e
−iVt|〈 fm′ |Ψg〉|2 = 0, nei-
ther one can be absent. In addition, the approximate substi-
tution |〈k|Ψg〉|2 → |〈k|Ψg〉|2 requires a simple structure of the
real space wave function |k〉. On the cross-stitch lattice, the
amplitudes of |k〉 on two sites (A, B) are equal, so this substi-
tution is a good approximation. However, in other U = 1 flat
band networks, such as the diamond lattice35, the amplitudes
of |k〉 on three sites of the unit cell are different from each
other, this approximation is no longer valid, and DQPTs do
not occur as expected.
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FIG. 3. (Color online) The panels (a) and (b) plot the Loschmidt echo
L(t) for different quench parameters J. At a critical time t∗i = xi4J ,L(t) (red hollow circle) reaches the zero point, which agrees with the
behaviors of the analytic result |eiVt J0(4Jt)|2 (blue solid line). The
panels (c) and (d) plot the dynamical free energy f (t) for different
quench parameters J. At a critical time t∗i =
xi
4J
, f (t) (red double dash
line) exhibits a sharp peak, which also agrees with the behaviors of
the analytic result − ln |eiVt J0(4Jt)|2 (blue solid line). Here we apply
the periodic boundary condition and choose V = 4. The total number
of unit cells is set to be L = 1000.
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FIG. 4. (Color online) The Loschmidt echo L(t) in the quench pro-
cess from Hˆ(J = 1) to Hˆ(J = 0). Here V = 4, L = 1000, and the
periodic boundary condition is adapted.
III. A NON-TRIVIAL EXAMPLE OF L(t) ≡ 1
In this section we study the converse quench process with
J , 0 → J = 0. No DQPTs are found, however we find an
interesting feature in this process. In general the Loschmidt
echo L(t) gradually decreases to zero as the time is long
enough, except in the special case that the pre-quench quan-
tum state is an eigenstate of the post-quench Hamiltonian. It
can be easily proved that if Hˆ f |Ψi〉 = Ei|Ψi〉, we must have
G(t) = 〈Ψi|e−iHˆ f t|Ψi〉 = ∑n e−iEn t |〈Ψn|Ψi〉|2 = e−iEi t. Thus,
the Loschmidt echo L(t) ≡ 1. Now, here comes a natural
question whether it can be deduced from L(t) ≡ 1 that the
pre-quench quantum state is the eigenstate of the post-quench
Hamiltonian? It seems that the answer is no, however, neither
a strict mathematical proof nor an explicit counterexample is
reported until now. Here we give a non-trivial example to an-
4swer this question. In this process, a single particle is initially
prepared in the ground state |k〉 = eiknuk(n). We emphasize
that the structure of |k〉 plays a crucial role in the time evolu-
tion, which will be demonstrated later in details. Under the
Fourier transformation, the real space Hamiltonian Hˆ(J , 0)
can be written in momentum space as
Hk =
∑
k
~C †
k
Hk ~Ck, (9)
where the “spinor” ~Ck = [cA,k, cB,k]
T represents the two sites
in the unit cell and
Hk =
[ −2J cos(k) −V − 2J cos(k)
−V − 2J cos(k) −2J cos(k)
]
. (10)
By diagonalizing the Hamiltonian Hk, we get one flat
band with the corresponding eigenstate |ψFB〉 = [−1, 1]T
and one dispersive band with the corresponding eigenstate
|ψk〉 = [1, 1]T. This means the amplitudes of the wave
function |ψk〉 on two sites (A, B) in the momentum space
are equal. By applying the inverse Fourier transforma-
tion of |ψk〉, the real space wave function |k〉 has the form
[· · · , un−1, un−1, un, un, , un+1, un+1, · · · ]T, 1 ≤ n ≤ L.
Now performing a sudden quench, the Loschmidt ampli-
tude can be written as
G(t) = 〈k|e−iHˆ(J=0)t|k〉
=
∑
k
e−iVt |〈φ+|k〉|2 +
∑
k
eiVt |〈φ−|k〉|2. (11)
The overlap between an antisymmetrical CLS |φ+〉 =
(−1, 1)Tδn,m/
√
2 and |k〉 must vanish, i.e., |〈φ+|k〉|2 = 0,
while the squared overlap between a symmetrical CLS |φ−〉 =
(1, 1)Tδn,m/
√
2 and |k〉 sums to 1, i.e.,∑k |〈φ−|k〉|2 = 1. Finally
we obtain
G(t) = eiVt. (12)
Thus, our example shows that the pre-quench quantum state
is not an eigenstate of the post-quench Hamiltonian, whereas
the Loschmidt echo L(t) ≡ 1. We also numerically verify our
analytic prediction in Fig. 4, where the numerical results agree
well with the analytic results.
IV. CONCLUSIONS
In summary, we have studied the quench dynamics on
cross-stitch flat band networks by preparing the initial state
as an eigenstate of the initial Hamiltonian H(Ji) and then per-
forming a sudden quench to the final Hamiltonian H(J f ). For
the quench process changing as J = 0 → J , 0, we cal-
culate the Loschmidt echo both analytically and numerically.
We find there exist a series of zero points at critical times t∗,
at which the DQPTs occur. We further study the converse
quench process with J , 0 → J = 0, and find that Loschmidt
echo L(t) ≡ 1 during the whole process and the pre-quench
quantum state is not an eigenstate of the post-quench Hamil-
tonian. We believe that our findings will enrich the studies of
DQPTs.
Finally, we would like to point out that this nonequilib-
rium scenario can be realized in the ultracold-atom experi-
ment. The Lieb lattice45,46, which hosts a variety of novel
phenomena when interactions are introduced, has been real-
ized as the prototypical model for exploring flat band in the
ultracold-atom system since it is relatively simple to transfer
atoms into the flat band. The cross-stitch lattice has not been
realized experimentally yet, which is partly due to the diffi-
culty in transferring atoms into the flat band (the upper energy
band). In our quantum quench protocol, the initial quantum
state is prepared as the eigenstate of the lower energy band,
which is more accessible in the ultracold-atom experiment.
The quench operations can be realized by drastically increas-
ing or decreasing the spacing of unit cells, which leads either
J = 0 or J , 0. By using time- and momentum-resolved
full state tomographymethods, the dynamical evolution of the
wave function in optical lattices can be monitored, hence the
observation of DQPTs on the cross-stitch lattice can be real-
ized experimentally.
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